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In this paper, we study the relationship between frames for the super Hilbert space H⊕H
and g-frames for H with respect to C2. We show that a g-frame associated with a frame
for H⊕H remains a g-frame whenever any one of its elements is removed. Furthermore,
we show that the excess of such a g-frame is at least dimH.
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1. Introduction
The frame was ﬁrst introduced by Duﬃn and Schaeffer [14] in the study of nonharmonic Fourier series in 1952. It is
a generalization of the Riesz basis. Let K be a subset of Z. Recall that a sequence {ϕk: k ∈ K} in a Hilbert space H is said
to be a frame for H if there are two positive constants A and B such that
A‖ f ‖2 
∑
k∈K
∣∣〈 f ,ϕk〉∣∣2  B‖ f ‖2, ∀ f ∈ H.
A and B are the lower and upper frame bounds, respectively. A frame that ceases to be a frame whenever any one of its
elements is removed is said to be an exact frame. It is well known that exact frames and Riesz bases are identical (see [24]).
Let {ϕk: k ∈ K} be a frame for H. Then for every f ∈ H, there is some {ck: k ∈ K} ∈ 2 such that
f =
∑
k∈K
ckϕk. (1.1)
Since a frame is usually not a basis, the coeﬃcients in the above expansion are usually not unique. The excess of a sequence
in a Hilbert space is the greatest number of elements that can be removed yet leave a set with the same closed span. For
a frame set, the remaining set may not be a frame.
The frame possesses many nice properties which makes it very useful in wavelet analysis, irregular sampling theory,
signal processing and many other ﬁelds. We refer to [3,4,9,11,12,17,24] for an introduction to the frame theory and its
applications.
We observe that various generalizations of the frame have been proposed recently. For example, bounded quasi-
projectors [15], frames of subspaces [2,7], fusion frames [8,16,20], pseudo-frames [21], oblique frames [10], outer frames [1]
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applications. One of the authors [22,23] introduced the concept of g-frames and gave some properties of g-frames.
Before introducing the concept of g-frames, we give some notations. In this paper, U and V are two Hilbert spaces and
{Vk: k ∈ K} is a sequence of closed subspaces of V . L(U ,Vk) is the collection of all bounded linear operators from U to Vk .
Deﬁnition 1.1. We call a sequence of operators {Λk ∈ L(U ,Vk): k ∈ K} a g-frame for U with respect to {Vk: k ∈ K}, if there
are two positive constants A and B such that
A‖ f ‖2 
∑
k∈K
‖Λk f ‖2  B‖ f ‖2, ∀ f ∈ U . (1.2)
We call A and B the lower and upper g-frame bounds, respectively.
We call {Λk: k ∈ K} a g-frame for U with respect to V if Vk = V , ∀k ∈ K.
By the Riesz representation theorem, for every Λ ∈ L(H,C2), there is some (ϕ,ψ) ∈ H ⊕ H such that Λ f = (〈 f ,ϕ〉,
〈 f ,ψ〉)T , ∀ f ∈ H. Therefore, every g-frame {Λk: k ∈ K} for H with respect to C2 is of the following form,
Λk f =
(〈 f ,ϕk〉, 〈 f ,ψk〉)T , ∀ f ∈ H. (1.3)
Deﬁnition 1.2. Let {(ϕk,ψk): k ∈ K} be a sequence of elements of H ⊕ H and Λk be deﬁned by (1.3). If {Λk: k ∈ K} is a
g-frame for H with respect to C2, then we call it a g-frame associated with {(ϕk,ψk): k ∈ K}.
For any ( f1, g1), ( f2, g2) ∈ H ⊕ H, we deﬁne their inner product by〈
( f1, g1), ( f2, g2)
〉= 〈 f1, g1〉 + 〈 f2, g2〉.
It can be veriﬁed easily that H ⊕ H is a Hilbert space with respect to this inner product. Such Hilbert spaces are called as
super Hilbert spaces in literatures [6,18,19] and have been widely studied recently. For example, Balan [6] introduced the
concept of super frames and presented some density results for Weyl–Heisenberg super frames. In [19], Han and Larson
derived necessary and suﬃcient conditions for the direct sum of two frames to be a super frame. And in [18], Gu and
Han investigated the connection between decomposable Parseval wavelet frames and super wavelet frames, and gave some
necessary and suﬃcient conditions for extendable Parseval wavelet frames.
Let {(ϕk,ψk): k ∈ K} be a frame for H ⊕ H and Λk be deﬁned by (1.3). It is easy to see that {Λk: k ∈ K} is a g-frame
for H with respect to C2. In this paper, we show that {Λk: k ∈ K} remains a g-frame whenever any one of its elements is
removed. Furthermore, we show that the excess of such a g-frame is at least dimH.
2. G-Frames for Hilbert spaces
Let J be a subset of Z, Λ j ∈ L(U ,V j) and {e j,k: k ∈ K j} be an orthonormal basis for V j , where K j is a subset of Z,
j ∈ J. Let
u j,k = Λ∗j e j,k, j ∈ J, k ∈ K j . (2.1)
It was proved in [22] that
Λ j f =
∑
k∈K j
〈 f ,u j,k〉e j,k, ∀ f ∈ U . (2.2)
We call {u j,k: j ∈ J, k ∈ K j} the sequence induced by {Λ j: j ∈ J} with respect to {e j,k: k ∈ K j}. The following proposition
gives a characterization of g-frames.
Proposition 2.1. (See [22, Theorem 3.1].) Let Λ j ∈ L(U ,V j) and {u j,k: j ∈ J, k ∈ K j} be deﬁned as in (2.1). Then {Λ j: j ∈ J} is a
g-frame for U with respect to {V j: j ∈ J} if and only if {u j,k: j ∈ J, k ∈ K j} is a frame for U .
Example 2.1. Let (ϕk,ψk) ∈ H ⊕ H and Λk be deﬁned as in (1.3), k ∈ K. By Proposition 2.1, {Λk: k ∈ K} is a g-frame for H
with respect to C2 if and only if {ϕk: k ∈ K} ∪ {ψk: k ∈ K} is a frame for H.
G-frames have many similar properties with frames. For example, for a g-frame for U , we can deﬁne its frame operator S
as follows:
S f =
∑
Λ∗kΛk f ,
k∈K
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linear operator.
Let
Λ˜k = Λk S−1.
Then {Λ˜k: k ∈ K} is also a g-frame for U . We call it the (canonical) dual g-frame of {Λk: k ∈ K}. For every f ∈ U , we have
f =
∑
k∈K
Λ∗kΛ˜k f =
∑
k∈K
Λ˜∗kΛk f .
We refer to [22,23] for more examples and properties of g-frames.
3. Excess of G-frames associated with frames for super Hilbert spaces
In this section, we study the excess of g-frames associated with frames for the super Hilbert space H ⊕ H. Recall that
the excess of a sequence in a Hilbert space is the greatest number of elements that can be removed yet leave a set with the
same closed span.
First, we introduce a result on the excess of frames.
Proposition 3.1. (See [24, Lemma 4.6].) Let { fk: k ∈ Z} be a frame for some Hilbert space H. Then for any k0 ∈ Z, { fk: k ∈ Z, k 
= k0}
is either incomplete in H or still a frame for H.
The following lemma gives a necessary condition for {(ϕk,ψk): k ∈ K} to be a frame for H ⊕ H, which is easy to check
and we leave it to interested readers.
Lemma 3.2. Suppose that H is a Hilbert space and that {(ϕk,ψk): k ∈ K} is a frame for H ⊕ H. Then for any α,β ∈ C with
|α|2 + |β|2 
= 0, {αϕk + βψk: k ∈ K} is a frame for H. In particular, both {ϕk: k ∈ K} and {ψk: k ∈ K} are frames for H.
By Lemma 3.2, we can easily ﬁnd examples such that both {ϕk: k ∈ K} and {ψk: k ∈ K} are frames for H while
{(ϕk,ψk): k ∈ K} is not a frame for H ⊕ H. In fact, if {ϕk: k ∈ K} is a frame for H, then {(ϕk,ϕk): k ∈ K} cannot be a
frame for H ⊕ H. Otherwise, by letting (α,β) = (1,−1) in the above lemma, we get that {0,0, . . .} is a frame for H, which
is impossible.
By Proposition 2.1 and Lemma 3.2, if {(ϕk,ψk): k ∈ K} is a frame for H ⊕ H, then {Λk: k ∈ K} deﬁned by (1.3) is a
g-frame for H with respect to C2. For this g-frame, we have the following.
Theorem 3.3. Suppose that H is a Hilbert space and that {(ϕk,ψk): k ∈ K} is a frame for H ⊕ H. Then for any k0 ∈ K,
{Λk: k ∈ K, k 
= k0} is still a g-frame for H with respect to C2 .
Proof. By Lemma 3.2, both {ϕk: k ∈ K} and {ψk: k ∈ K} are frames for H.
Since {(ϕk,ψk): k ∈ K} is a frame for H ⊕ H, for any k0 ∈ K, there is some {ck: k ∈ K} ∈ 2 such that∑
k∈K
ck(ϕk,ψk) = (ϕk0 ,0).
Hence∑
k∈K
ckϕk = ϕk0 (3.1)
and ∑
k∈K
ckψk = 0. (3.2)
There are two cases.
Case 1. ck0 = 0.
In this case, we see from (3.1) that ϕk0 =
∑
k∈K,k 
=k0 ckϕk . Hence, span{ϕk: k ∈ K, k 
= k0} = span{ϕk: k ∈ K} = H. By
Proposition 3.1, {ϕk: k ∈ K, k 
= k0} is a frame for H. On the other hand, it is easy to see that {ψk: k ∈ K, k 
= k0} is a
Bessel sequence. Hence {ϕk: k ∈ K, k 
= k0} ∪ {ψk: k ∈ K, k 
= k0} is a frame for H. By Proposition 2.1, {Λk: k ∈ K, k 
= k0}
is a g-frame for H with respect to C2.
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= 0.
By (3.2), ψk0 = −
∑
k∈K, k 
=k0 (ck/ck0)ψk .
Similarly to Case 1 we can prove that {ψk: k ∈ K, k 
= k0} is a frame for H and therefore, {Λk: k ∈ K, k 
= k0} is a
g-frame for H with respect to C2. This completes the proof. 
From the proof of Theorem 3.3 we know that if {(ϕk,ψk): k ∈ K} is a frame for H ⊕ H, then for any k0, at least one of
{ϕk: k ∈ K, k 
= k0} and {ψk: k ∈ K, k 
= k0} is still a frame for H. And therefore, {Λk: k ∈ K, k 
= k0} is still a g-frame for
H with respect to C2.
In other words, Theorem 3.3 shows that the excess of a g-frame associated with a frame for a super Hilbert space is at
least 1. Next we show that the excess of such a g-frame is at least dimH. Speciﬁcally, we have the following.
Theorem 3.4. Let H be a Hilbert space, {(ϕk,ψk): k ∈ K} be a frame for H ⊕ H and Λk be deﬁned by (1.3). Then {Λk: k ∈ K} has an
excess of at least dimH.
Moreover, if dimH < ∞, then there is a partition {K1,K2,K3} for K, i.e., K = K1 ∪ K2 ∪ K3 and Ki ∩ K j = ∅, i 
= j, such that
#K1 = #K2 = dimH, and both {ϕk: k ∈ K1} and {ψk: k ∈ K2} are frames for H. And therefore, both {Λk: k ∈ K1} and {Λk: k ∈ K2}
are g-frames for H.
Before giving the proof of Theorem 3.4, we introduce a lemma.
Lemma 3.5. Suppose that H is a Hilbert space and that {ϕk: k ∈ K} is a Riesz basis for H. Let n be a non-negative integer,
{( f i, gi): 1  i  n} ⊂ H ⊕ H, and {ψk: k ∈ K} ⊂ H be a Bessel sequence. If h1,h2, . . . ,hn+1 ∈ H and (0,h1), (0,h2), . . . , and
(0,hn+1) can be linearly represented by {( f i, gi): 1 i  n} ∪ {(ϕk,ψk): k ∈ K}, then h1,h2, . . . ,hn+1 are linearly dependent in H.
Proof. We prove the lemma by induction. First we assume that n = 0.
Assume that h1 ∈ H and that (0,h1) can be linearly represented by {(ϕk,ψk): k ∈ K}, i.e., there is some {ck: k ∈ K} ∈ 2
such that∑
k∈K
ck(ϕk,ψk) = (0,h1). (3.3)
That is,∑
k∈K
ckϕk = 0 (3.4)
and ∑
k∈K
ckψk = h1. (3.5)
Since {ϕk: k ∈ K} is a Riesz basis for H, we see from (3.4) that ck = 0, k ∈ Z. Consequently, h1 = 0. Hence h1 is linearly
dependent.
Next, we assume that the conclusion is true for some n− 1 with n 1 and that (0,h1), (0,h2), . . . , and (0,hn+1) can be
linearly represented by {( f i, gi): 1 i  n}∪ {(ϕk,ψk): k ∈ K}. In this case, we can ﬁnd some {ai, j: 1 i  n+1, 1 j  n}
and {cl,k: 1 l n + 1, k ∈ K} such that⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
a1,1( f1, g1) + · · · + a1,n( fn, gn) +
∑
k∈K
c1,k(ϕk,ψk) = (0,h1),
a2,1( f1, g1) + · · · + a2,n( fn, gn) +
∑
k∈K
c2,k(ϕk,ψk) = (0,h2),
· · ·
an+1,1( f1, g1) + · · · + an+1,n( fn, gn) +
∑
k∈K
cn+1,k(ϕk,ψk) = (0,hn+1).
(3.6)
Denote A = (ai, j)1in+1,1 jn , an (n + 1) × n matrix.
There are two cases.
Case 1. A is a zero matrix. In this case, every row of A is zero. For any i with 1 i  n + 1, we have∑
k∈K
ci,k(ϕk,ψk) = (0,hi).
Hence ci,k = 0, ∀k ∈ K. Therefore hi = 0. Obviously, h1,h2, . . . ,hn+1 ∈ H are linearly dependent.
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= 0.
Multiplying both sides of the ﬁrst equation in (3.6) by −ai,1/a1,1 and then adding them to both sides of the
ith equation, respectively. We have that (0,hi − (ai,1/a1,1)h1), 2  i  n + 1 can be linearly represented by {( f i, gi):
2  i  n} ∪ {(ϕk,ψk): k ∈ K}. By the induction, (hi − ai,1/a1,1h1), 2  i  n + 1 are linearly dependent. Hence there are
constants ci , 2 i  n + 1, not all of which are zeros, such that
n+1∑
i=2
ci
(
hi − ai,1
a1,1
h1
)
= 0.
Consequently,
−
n+1∑
i=2
ci
ai,1
a1,1
h1 +
n+1∑
i=2
cihi = 0.
Therefore, h1,h2, . . . ,hn+1 are also linearly dependent.
By induction, the conclusion is true for any n 0. This completes the proof. 
The following is an immediate consequence.
Corollary 3.6. Let H be a Hilbert space and {(ϕk,ψk): k ∈ K} be a frame for H ⊕ H. If {ϕk: k ∈ K} contains a Riesz basis, that is,
there is some K1 ⊂ K such that {ϕk: k ∈ K1} is a Riesz basis for H, then dimH #(K \ K1).
Proof. Denote n = #(K \ K1).
If n = ∞, the conclusion holds obviously.
Next we assume that n < ∞. Since {(ϕk,ψk): k ∈ K} is a frame for H ⊕ H, for any h1,h2, . . . ,hn+1 ∈ H,
(0,h1), (0,h2), . . . , and (0,hn+1) can be linearly represented by {(ϕk,ψk): k ∈ K} = {(ϕk,ψk): k ∈ K \ K1} ∪
{(ϕk,ψk): k ∈ K1}. By Lemma 3.5, h1,h2, . . . ,hn+1 are linearly dependent. Since h1,h2, . . . ,hn+1 are arbitrary, we have
dimH n. This completes the proof. 
Proof of Theorem 3.4. Without loss of generality, we assume that n := dimH > 0.
First, we prove that {Λk: k ∈ K} possesses an excess of at least dimH. There are two cases.
Case 1. dimH < ∞.
By Corollary 3.6, {ϕk: k ∈ K} is not a Riesz basis for H. Hence, there is some k1 such that {ϕk: k ∈ K, k 
= k1} is still a
frame for H. If n = 1, the conclusion is proved.
If n > 1, using Corollary 3.6 again, we get that {ϕk: k ∈ K, k 
= k1} is not a Riesz basis for H. Hence, there is some k2
such that {ϕk: k ∈ K, k 
= k1,k2} is still a frame for H.
Repeating the above procedure, we can ﬁnd some K1 ⊂ K such that #K1 = dimH = n and {ϕk: k ∈ K \ K1} is still a
frame for H. Consequently {ϕk: k ∈ K \ K1} is a g-frame for H with respect to C2. Therefore, {Λk: k ∈ K} has an excess of
at least dimH.
Case 2. dimH = ∞.
From the proof of Case 1, we know that we can remove arbitrary ﬁnitely many elements of {Λk: k ∈ K} such that the
left is still a g-frame for H with respect to C2. Hence, {Λk: k ∈ K} has an excess of inﬁnity.
Next, we prove the “moreover” part.
Let {ek: 1 k  n} be an orthonormal basis for H. Then dimH ⊕ H = 2n and {(ek,0): 1 k  n} ∪ {(0, ek): 1 k  n}
is an orthonormal basis for H ⊕ H. Since {(ϕk,ψk): k ∈ K} is a frame for H ⊕ H and dimH ⊕ H = 2n < ∞, we can choose
a basis for H ⊕ H from {(ϕk,ψk): k ∈ K}. Without loss of generality, we assume that K ⊃ {1,2, . . . ,2n} and {(ϕk,ψk):
1 k 2n} is a basis for H ⊕ H. Then there is a 2n × 2n invertible matrix A such that⎡
⎢⎢⎢⎢⎢⎣
ϕ1 ψ1
· · · · · ·
ϕn ψn
ϕn+1 ψn+1
· · · · · ·
ϕ2n ψ2n
⎤
⎥⎥⎥⎥⎥⎦= A
⎡
⎢⎢⎢⎢⎢⎣
e1 0
· · · · · ·
en 0
0 e1
· · · · · ·
0 en
⎤
⎥⎥⎥⎥⎥⎦ . (3.7)
Denote
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⎡
⎢⎢⎢⎢⎢⎣
A1,1 A1,2
· · · · · ·
An,1 An,2
An+1,1 An+1,2
· · · · · ·
A2n,1 A2n,2
⎤
⎥⎥⎥⎥⎥⎦ , (3.8)
where every Ai, j is a 1 × n matrix, 1  i  2n, j = 1,2. Since det A 
= 0, by Laplace Theorem, there is a partition of
{1,2, . . . ,2n}, denoted by {i1, . . . , in} ∪ { j1, . . . , jn}, such that (Ai1,1, . . . , Ain,1)T and (A j1,2, . . . , A jn,2)T are invertible.
Clearly, we have[
ϕi1· · ·
ϕin
]
=
[ Ai1,1· · ·
Ain,1
][ e1
· · ·
en
]
(3.9)
and [
ψ j1· · ·
ψ jn
]
=
[ A j1,2· · ·
A jn,2
][ e1
· · ·
en
]
. (3.10)
Hence both (ϕi1 , . . . , ϕin )
T and (ψ j1 , . . . ,ψ jn )
T are bases and therefore frames for H. Let K1 = {i1, . . . , in}, K2 = { j1, . . . , jn}
and K3 = K \ (K1 ∪ K2). Then the conclusion follows. 
Remark 3.1. By Lemma 3.2, if {(ϕk,ψk): k ∈ K} is a frame for H ⊕ H, then both {ϕk: k ∈ K} and {ψk: k ∈ K} are frames
for H. Now Theorem 3.4 shows that both {ϕk: k ∈ K} and {ψk: k ∈ K} possess an excess no less than dimH.
We see from the proof of Theorem 3.4 that whenever dimH = ∞, we can ﬁnd some K1 ⊂ K such that #K1 = ∞
and for any K′1 ⊂ K1 with ﬁnitely many elements, {ϕk: k ∈ K \ K′1} is a frame for H. In particular, for any k1 ∈ K1,{ϕk: k ∈ K, k 
= k1} is a frame for H. By [3, Theorem 5.4], we have the following consequence.
Corollary 3.7. Let H be a Hilbert space, {(ϕk,ψk): k ∈ K} be a frame for H ⊕ H and Λk be deﬁned by (1.3). Suppose dimH = ∞
and that there exists some constant L > 0 and an inﬁnite subset K1 of K such that for any k1 ∈ K1 , L is a lower frame bound for
{ϕk: k ∈ K, k 
= k1}. Then there is an inﬁnite subset K′1 of K1 such that {Λk: k ∈ K \ K′1} is a g-frame for H.
Proof. By [3, Theorem 5.4], for ε = L/2, there is an inﬁnite subset K′1 ⊂ K1 such that {ϕk: k ∈ K \K′1} is still a frame for H
with lower frame bound L − ε = L/2. Consequently, {Λk: k ∈ K \ K′1} is a g-frame for H. This completes the proof. 
Remark 3.2. For the ﬁnite-dimensional case, the redundancy of a frame F = { f j} j∈J is the ratio r = M/N , where M = #J
and N is the dimension of the space spanned by the elements of F (see [5]). When dimH < ∞, we see from the “moreover”
part of Theorem 3.4 that the redundancy of {ϕk: k ∈ K} ∪ {ψk: k ∈ K} is at least 2.
Next we study the linear dependence of {ϕk: k ∈ K} ∪ {ψk: k ∈ K} whenever {(ϕk,ψk): k ∈ K} is a frame for H ⊕ H.
Deﬁnition 3.1. The rank of a set of vectors is deﬁned as the dimension of its closed linear span.
Theorem 3.8. Let H be a Hilbert space. Suppose that dimH = n, 0< n∞, and that {(ϕk,ψk): k ∈ K} is a frame for H ⊕ H. Then
for any I ⊂ K with #I =m < ∞, the rank of {ϕk: k ∈ K \ I} ∪ {ψk: k ∈ K \ I} is no less than n − m/2.
Proof. Denote Φ = {ϕk: k ∈ K \ I} ∪ {ψk: k ∈ K \ I}. First, we consider the case of 0< n < ∞.
Suppose that the rank of Φ is l and that {ξ1, . . . , ξl} is a basis for Φ . Then {(ξi,0): 1  i  l} ∪ {(0, ξi): 1  i  l}
is linearly independent in H ⊕ H and its rank is 2l. Obviously, {(ϕk,ψk): k ∈ K \ I} can be linearly represented by
{(ξi,0): 1  i  l} ∪ {(0, ξi): 1  i  l}. Hence it has a rank no greater than 2l. On the other hand, since dimH = n and
{(ϕk,ψk): k ∈ K} is a frame for H ⊕ H, the rank of {(ϕk,ψk): k ∈ K} is 2n. Consequently, the rank of {(ϕk,ψk): k ∈ K \ I} is
no less than 2n −m. It follows that 2n −m 2l. Hence l n − m/2.
Next we consider the case of n = ∞.
Let I be a subset of K such that #I = m < ∞. By Lemma 3.2, {ϕk: k ∈ K} is a frame for H. Hence there are inﬁnitely
many linearly independent elements in {ϕk: k ∈ K}. For arbitrary positive integer N , there are N +m linearly independent
elements in {ϕk: k ∈ K}, among which there are at least N elements belonging to {ϕk: k ∈ K \ I}. Hence the rank of
{ϕk: k ∈ K \ I} is no less than N . Since N is arbitrary, the rank of {ϕk: k ∈ K \ I} is inﬁnite. Consequently, Φ has a rank of
inﬁnity. 
Remark 3.3. By Theorem 3.8, if {(ϕk,ψk): k ∈ K} is a frame for H ⊕ H, then the rank of {ϕk: k ∈ K} ∪ {ψk: k ∈ K} keeps
unchanged whenever any pair of {ϕk0 ,ψk0 } is removed.
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